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Let k be an algebraically closed ﬁeld of prime characteristic p > 1,
let G be a ﬁnite group, let MG and let B be a block of kM with
defect group P . Set H = NG (P ) so that B∗ = BrP (B) is a block
of k(H ∩ M) with defect group P . Assume that M is p-solvable.
We prove that there is a StabH (B)-bijection, ϕ(B, P ), between
the isomorphism types of irreducible k(H ∩ M)B∗-modules with
vertex P and (kM)B-modules with vertex P . Moreover, for each
block L of G that covers B , so that L∗ = BrP (L) is a block of
kH , there is a bijection between isomorphism types of irreducible
(kH)L∗-modules and (kG)L-modules that “cover” the isomorphic
module types in the domain and target of ϕ(B, P ) that is “consis-
tent” with ϕ(B, P ) and preserves vertices.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Our notation and terminology are standard and tend to follow [1] and [11].
Throughout this article, k will denote an algebraically closed ﬁeld of prime characteristic p > 1 and
G will denote a ﬁnite group.
All rings will be ﬁnite dimensional k-algebras. If A is such a k-algebra, then A-mod will denote
the abelian category of ﬁnitely generated left A-modules. If B is also a ﬁnite dimensional k-algebra,
f : B → A is a k-algebra homomorphism and V is an A-module; then f V = V becomes a B-module
where b · v = f (b)v for all v ∈ V and all b ∈ B . Thus f induces a functor F : A-mod → B-mod. If U is
a B-module, then U | ( f V ) in B-mod signiﬁes that U is isomorphic to a direct summand of f V .
In the case of the k-algebra kG , if S  G , x ∈ G and V is a kS-module, then conjugation by x, cx ,
where cx(g) = xgx−1 for all g ∈ G , induces the k-algebra isomorphism cx : k(x−1Sx) → kS and we set
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module where t · v = (x−1tx)v for all t ∈ x S and all v ∈ xV = V .
In this section, we introduce and state our main result (Theorem 1.6) and an application of our
main result. In Section 2, we reduce our situation to the block stabilizer case and in Section 3 we
reduce our situation to the quotient of G by a normal p-group. Finally in Section 4, we prove Theo-
rem 1.6.
Let E be an idempotent of Z(kG) and let S  G . Then Irr((kG)E) (resp. Irr((kG)E, S)) will denote a
set of representatives for the isomorphism classes of irreducible (kG)E-modules (resp. of irreducible
(kG)E-modules with S as a vertex). We may and shall assume that Irr((kG)E, S) = Irr((kG)E, g S) for
all g ∈ G .
Let M  G and let e be an idempotent of Z(kM). Let V be an irreducible (kM)e-module. Then
Irr((kG)E, V ) (resp. Irr((kG)E, V , S)) will denote a set of representatives for the isomorphism classes
of irreducible (kG)E-modules X such that V | ResGM(X) in (kM)-mod (resp. such that V | ResGM(X) in
kM-mod and S is a vertex of X ). We may and shall assume that Irr((kG)E, V ) = Irr((kG)E, xV ) and
Irr((kG)E, V , S) = Irr((kG)E, xV , y S) for all x, y ∈ G .
Let B ∈ B(kM), let P be a defect group of B and set H = NG(P ). Thus NM(P ) = H ∩ M  H ,
B∗ = BrP (B) ∈ B(k(H ∩ M)) has P as its unique defect group. Let L ∈ B(kG) cover B . Thus, by [6,
Theorem], L∗ = BrP (L) ∈ B(kH) covers B∗ and if D is a defect group of L∗ , then D is a defect group
of L and D ∩ M = D ∩ (H ∩ M) = P . Clearly StabH (B) = StabH (B∗) and NG(D) H .
Lemma 1.1. {hD | h ∈ H} = { |  G, ∩M = P and  is a defect group of L∗} = { |  G, ∩M =
P and  is a defect group of L}.
Proof. Let   G be a defect group of L such that  ∩ M = P . Then  = g D for some g ∈ G . Thus
(g D) ∩ M = g(D ∩ M) = g P = P and we are done. 
Assume that V is an indecomposable (kM)B-module with vertex P (were P is a defect group
of B). ([1, IV, Lemmas 2.2 and 4.5] imply that such a V always exists.) As above set H = NG(P ).
Lemma 1.2. Let L ∈ B(kG), let R be a p-subgroup of G and let U be an indecomposable (kG)L-module with
vertex R and such that V | ResGM(U ) in kM-mod. Thus L covers B.
(a) There is a defect group D of L∗ and a vertex Q of U such that Q  D, Q ∩ M = Q ∩ (M ∩ H) = P ,
NG(Q ) H and L∗ GrGH (U ) = GrGH (U ); and
(b) {h Q | h ∈ H} = {S  G | S ∩ M = P and S is a vertex of U }.
Proof. Clearly, if D is a vertex of L∗ , then there is a vertex Q of U such that Q  D . Thus Q ∩ M 
D ∩ M = P . By [1, III, Lemma 4.1], there is a g ∈ G such that P  (g Q )∩ M = g(Q ∩ M). Consequently
Q ∩ M = P and NG(Q )  H . Also GrGH (U ) is an indecomposable (kH)-module with vertex Q and
BrQ (L)GrGNG (Q )(U ) = GrGNG (G)(U ) by [1, III, Theorem 7.5]. Let L◦ ∈ B(kH) be such that L◦ GrGH (U ) =
GrGH (U ). Since BrQ (L) = BrQ (L∗), GrGNG (Q )(U ) ∼= GrHNG (Q )(GrGH (U )) in kNG(Q )-mod and
BrQ
(L◦)GrHNG (Q )
(
GrGH (U )
) BrQ (L◦)GrGNG (Q )(U ),
we conclude that L∗ = L◦ and (a) holds. For (b), if S  G , S ∩ M = P and S is a vertex of U , then
S = g Q for some g ∈ G . Thus P = S ∩ M = (g Q ) ∩ M = g(Q ∩ M) = g P and we are done. 
Remark 1.3. Suppose that G is p-solvable, L ∈ B(kG), and X is an irreducible (kG)L-module. Then
ht(X) = 0 if and only if the defect groups of L are the vertices of X . Indeed from [9, Theorem 3.2],
ht(X) = 0 if and only if the defect groups of L are the vertices of X and the k-dimension of a source
of X is prime to p. Here [2, Theorem 2.4] completes our proof.
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B∗ ∈ B(k(H ∩ M)) where H ∩ M = NM(P ). Note that StabH (B) = StabH (B∗).
Deﬁnition 1.4. The quadruple (G,M, B, P ) is said to satisfy C(G,M, B, P ) if there is a StabH (B) =
StabH (B∗)-equivariant bijection
ϕ(B, P ) : Irr(k(H ∩ M)B∗, P)→ Irr((kM)B, P)
such that for any L ∈ B(kG) that covers B , any
V ∈ Irr(K (H ∩ M)B∗, P)
and any Q  H such that Q ∩ M = Q ∩ (H ∩ M) = P , there is a bijection
Φ(L, V , Q ) : Irr((kH)L∗, V , Q )→ Irr((kG)L, φ(B, P )(V ), Q )
where L∗ = BrP (L) ∈ B(kH) covers B∗ .
Note that if C(G,M, B, P ) is satisﬁed for some defect group P of B , then C(G,M, B, R) is satisﬁed
for any defect group R of B .
Remark 1.5. If P  G , then H = G and C(G,M, B, P ) is satisﬁed via appropriate identity maps.
Our main result is:
Theorem 1.6. Assume that M is p-solvable. Then (G,M, B, P ) satisﬁes C(G,M, B, P ).
Remark 1.7. Theorem 1.6 implies [8, Theorem]. Indeed, let G be a p-solvable group, let M  G ,
let B ∈ B(kM) with defect group P and set H = NG(P ). By Remark 1.3, Irr((kM)B, P ) is a set
of representatives for the isomorphism classes of irreducible (kM)B-modules of height zero. Let
B∗ = BrP (B) ∈ B(k(H ∩ M)) so that P is a defect group of B∗ and Irr(k(H ∩ M)B∗, P ) is a set of
representatives for the isomorphism classes of irreducible k(H ∩ M)B∗-modules of height zero. Let
L ∈ B(kG) cover B . Thus L∗ = BrP (L) ∈ B(kH) covers B∗ by [6, Theorem]. Let T = StabG(B) so that
M  T and StabH (B∗) = H ∩ T . Here B ∈ Z(kT ) and B∗ ∈ Z(k(H ∩ T )) and we have two functors:
IndGT : (kT )B-mod → (kG)TrGT (B)-mod; and (1.1)
IndHM∩T : k(H ∩ T )B∗-mod → (kH)TrHH∩T
(
B∗
)
-mod (1.2)
that are parts of Morita equivalences. Let LT ∈ B((kT )B) be such that TrGT (LT ) = L. Thus there is a
defect group D of LT such that D ∩ M = P , NG(D) H and D is a defect group of L. Here NT (D)
H ∩ T = StabH (B∗) and L∗T = BrP (LT ) ∈ B(k(H ∩ T )) has defect group D and covers B∗ ∈ B(H ∩ M).
Since BL=LT , B∗(L∗) =L∗T . Thus TrHH∩T (L∗T ) =L∗ . So the functors:
IndGT : (kT )LT -mod → (kG)L-mod; and (1.3)
IndHH∩T : (kT )L∗T -mod → (kH)L∗-mod (1.4)
are parts of Morita equivalences.
Applying Proposition 2.8 (with e = B , S = M , etc.), we may assume that T = G; i.e., that B ∈
Bl(kM)G . Thus G = HM .
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of representatives for the orbits of H on Irr(k(H ∩ M)B∗, P ). By Lemma 1.2,
H=
⋃
V∈B
Q ∈A
Irr
(
(kH)L∗, V , Q ) (1.5)
is a disjoint union of representatives for the isomorphism classes of irreducible (kH)L∗-modules X
such that there is a
V ∈ Irr(k(H ∩ M)B∗, P)
such that V | ResH(H∩M)(X) in k(H ∩ M)-mod.
Let E be a set of representatives for the orbits of H on Irr((kM)B, P ). By Lemma 1.2,
G =
⋃
V∈E
Q ∈A
Irr
(
(kG)L, V , Q ) (1.6)
is a disjoint union of representatives for the isomorphism classes of irreducible (kG)L-modules Y
such that there is a V ∈ Irr((kM)B, P ) such that V | ResGN (V ) in kM-mod.
Now Theorem 1.6 implies |H| = |G| and [8, Theorem] is demonstrated.
2. Reduction to block stabilizers
Let N and M be normal subgroups of G with N  M and let e ∈ B(kN). Set T = StabG(e) and
S = T ∩M = StabM(e) so that N  S  T . Clearly e ∈ Z(kT )∩ Z(kS), TrGT (e) is an idempotent of Z(kG)
and:
The pair of functors
(
IndGT (∗), e ResGT (∗)
)
comprise aMorita equivalence
between (kT )e-mod and (kG)TrGT (e)-mod that induces the bijection
TrGT : B
(
(kT )e
) → B((kG)TrGT (e)
)
. Also if U is an indecomposable
(kT )e-module with vertex–source pair (Q , Z), then IndGT (U ) is an in-
decomposable (kG)TrGT (e)-module with vertex–source pair (Q , Z).
(2.1)
Let LT ∈ B((kT )e) and BS ∈ B((kS)e). Then there are similar Morita equivalences between
(kS)e-mod and (kM)TrMS (e)-mod; (2.2)
(kT )LT -mod and (kG)TrGT (LT )-mod; and (2.3)
(kS)BS-mod and (kM)Tr
M
S (BS)-mod. (2.4)
In (2.3) a defect group of LT is a defect group of TrGT (LT ) ∈ B(kG) and if V is an irreducible
(kT )LT -module, then IndGT (V ) is an irreducible (kG)TrGT (LT )-module and ht(V ) = ht(IndGT (V )). Simi-
lar remarks hold for (2.4).
Let U be (kS)e-module and let V be a (kT )e-module so that IndMS (U ) is a (kM)Tr
M
G (e)-module
and IndGT (V ) is a (kG)Tr
G
T (e)-module.
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(a) U | ResTS (V ) in kS-mod; and
(b) IndMS (U ) | ResGM(IndGT (V )) in kM-mod.
Proof. Here e ResGT (Ind
G
T (V )) ∼= V in kT -mod and e ResMS (IndMS (U )) ∼= U in kS-mod. Assume (b). Then
U
∣∣ e ResGS
(
IndGT (V )
)= ResTS
(
e ResGT
(
IndGT (V )
))∼= e ResTS (V )
in kS-mod and (a) holds. Conversely, assume (a). Then
IndMS (U )
∣∣ IndMS (ResTS (V )
)
in kM-mod. Let K be a left transversal with 1 ∈ K of S in M so that M =⋃k∈K kS is disjoint and
let J be a left transversal with 1 ∈ J of MT = TM in G . It is easy to see that G =⋃ j∈ J
k∈K
( jk)T is
disjoint. If j ∈ J and k1,k2 ∈ K , then (k1e)( jk2)e = ( jk2)((k−12 j−1k1)e)e = 0 unless k−12 j−1k1 ∈ T . But
then k−12 jk1 ∈ TM and so j = 1, k2 = k1 and k−12 jk1 = 1. Since
(
TrMS (e)
)
ResGM
(
IndGT (V )
)= IndMS (ResTS (V )
)
,
(b) follows. 
Let V be an indecomposable (kT )e-module so that W = IndGT (V ) is an indecomposable (kG)TrGT (e)-
module.
Lemma 2.2. Let (Q , Z) be a vertex–source pair for W such that Q  T . Then
(a) There is a g ∈ NG(Q ) such that (Q , g Z) is a vertex–source pair for V ; and
(b) {R | R  T and R is a vertex of W } = {Q | Q is a vertex of V }.
Proof. As V | ResGT (W ) in kT -mod, [1, III, Lemma 4.6(ii)] implies that Q is a vertex of V . Let (Q , Y )
be a vertex–source pair for V . Then (Q , Y ) is a vertex–source pair for W and (a) follows. Now (b) is
immediate. 
Lemma 2.3. The following two conditions are equivalent:
(a) LT covers B S ; and
(b) TrGT (BT ) covers Tr
M
S (BS ).
Proof. Assume (a). Thus there is an irreducible (kT )LT -module V and an irreducible (kS)BS -module
U such that U | ResTS (V ) in kS-mod. Now Lemma 2.1 implies that IndMS (U ) | ResGM(IndGT (V )) in kM-
mod and (b) follows. Conversely, assume (b). Then there are U and V as above such that IndMS (U ) |
ResGM(Ind
G
T (V )) in kM-mod. Now Lemma 2.1 implies (a) and we are done. 
Set
B = TrMS (BS) ∈ B
(
(kM)TrMS (e)
)
M.E. Harris / Journal of Algebra 368 (2012) 376–394 381and
L= TrGT (LT ) ∈ B
(
(kG)TrGT (e)
)
.
Let P be a defect group of BS so that P  S and P is a defect group of B . Set H = NG(P ). Thus
H ∩ S = NS (P ) H ∩ T = NT (P ). Set
B∗S = BrP (BS) ∈ B
(
k(H ∩ S))
and
B∗ = BrP (B) ∈ B
(
k(H ∩ M))
so that P is a defect group of B∗S and B∗ and H ∩ M  H .
Note that eB = BS , eL = LT and e ∈ B(k(PN)). Set e∗ = BrP (e) so that e∗B∗ = B∗S , e∗BrP (L) =
BrP (LT ). Also Stab(H∩T )(BS ) = Stab(H∩T )(B∗S ) and StabH (B) = StabH (B∗).
Lemma 2.4.
(a) P is a defect group of e ∈ B(k(PN));
(b) e∗ ∈ B(kNPN (P )) where NPN (P ) = PNN (P ) H ;
(c) e∗ is an idempotent of Z(kNN (P ))(H∩T ) where NN(P ) H, StabH (e∗) = H ∩ T and Stab(H∩N )(e∗) =
H ∩ S; and
(d) e∗ ∈ (Z(k(H ∩ T ))) ∩ (Z(k(H ∩ S))).
Proof. Since e ∈ B(kN)T is covered by B , P ∩N is a defect group of e ∈ B(kN) by [7, Proposition 4.2].
As e∗ = BrP (e) 	= 0 and e ∈ B(k(PN)), there is a defect group  of e ∈ B(k(PN)) such that P .
Thus  = P ( ∩ N) where ( ∩ N) is a defect group of e ∈ B(kN). Since (P ∩ N)  ( ∩ N) and
|P ∩ N| = | ∩ N|, (a) and (b) follow. For h ∈ H , (e∗)(he∗) = BrP (e(he)). Thus (c) and (d) are clear. 
Since e∗β∗ = B∗S , we have:
Corollary 2.5.
(a) As in (2.1), the pair of functors
(
IndH∩MH∩S (∗), e∗ ResH∩MH∩S (∗)
)
comprise a Morita equivalence between
k(H ∩ S)e∗-mod and k(H ∩ M)Tr(H∩M)(H∩S)
(
e∗
)
-mod
that sends B∗S to B∗; and
(b) As in (2.1), the pair of functors (IndH(H∩T )(∗), e∗ ResH(H∩T )(∗)) comprise a Morita equivalence between
k(H ∩ T )e∗-mod and (kH)TrHH∩T
(
e∗
)
-mod.
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(a) StabH
(
B∗
) = (H ∩ M) Stab(H∩T )(B∗∗)
= Stab(H∩T )
(
B∗
)
(H ∩ M)
= StabH (B); and
(b) Stab(H∩T )
(
B∗
)= Stab(H∩T )(B∗S
)= Stab(H∩T )(BS).
Proof. Here B∗ ∈ B(k(H ∩ M)Tr(H∩M)(H∩S) (e∗)) with defect group P ,
e∗ ∈ B(k(PNN(P )))(H∩S),
PNN(P )  H and (H ∩ M)  StabH (B∗). Since e∗B∗ = B∗S 	= 0, the orbit O of (H ∩ M) on
B(k(PNN (P ))) that contains e∗ is StabH (B∗)-invariant. Now (a) is immediate. As e∗B∗ = B∗S ,
Stab(H∩T )
(
B∗
)
 Stab(H∩T )
(
B∗S
)
.
Since
Ind(H∩M)(H∩S)
(
B∗S
)= B∗,
Stab(H∩T )
(
B∗S
)
 Stab(H∩T )
(
B∗
)
and we are done. 
For the remainder of this section, we assume that L ∈ B(kG) covers B ∈ B(kM). Thus L∗ =
BrP (L) covers B∗ = BrP (B) by [6, Theorem]. Since L covers e ∈ B(kN), LT = eL ∈ B(kT ) covers BS
by Lemma 2.3. Thus L∗T = BrP (LT ) = e∗L∗ ∈ B(k(H ∩ T )) covers B∗S = BrP (BS ) ∈ B(k(H ∩M)). Hence
we may choose a defect group D of L∗T where D  H ∩ T , D ∩ (H ∩ M) = P and D is a defect group
of L∗ , LT and L.
We have two bijections:
IndH∩MH∩S : Irr
(
k(H ∩ S)B∗S , P
)→ Irr(k(H ∩ M)B∗, P); and (2.5)
IndMS : Irr
(
(kS)BS , P
)→ Irr((kM)B, P). (2.6)
Suppose that
α˜ : Irr(k(H ∩ S)B∗S , P
)→ Irr((kS)BS , P)
and
α : Irr(k(H ∩ M)B∗, P)→ Irr((kM)B, P)
are bijections such that
IndMS ◦ α˜ = α ◦ IndH∩MH∩S .
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(a) α˜ is Stab(H∩T )(BS ) = Stab(H∩T )(B∗S )-equivariant; and
(b) α is StabH (B∗) = StabH (B)-equivariant.
Proof. Let W ∈ Irr(k(H ∩ S)B∗S , P ) and y ∈ Stab(H∩T )(B∗S ). Here
IndMS
(
α˜(yW))∼= α(Ind(H∩M)(H∩S) (yW)
)∼= α(y Ind(H∩M)(H∩S) (W)
)
in kM-mod and y IndMS (α˜(W)) ∼= IndMS (yα˜(W)) ∼= y(α(Ind(H∩M)(H∩S) (W))) in kM-mod. Since
Stab(H∩T )
(
B∗S
)= Stab(H∩T )(B∗)
and
StabH (B) = StabH
(
B∗
)
= (H ∩ M) Stab(H∩T )
(
B∗
)
= Stab(H∩T )
(
B∗
)
(H ∩ M)
by Lemma 2.6 and (H ∩ M) “acts trivially” on Irr(k(H ∩ M)B∗, P ) and on Irr((kM)B, P ), the desired
conclusion follows. 
Proposition 2.8. The following two conditions are equivalent:
(a) (T , S, BS , P ) satisﬁes C(T , S, BS , P ); and
(b) (G,M, B, P ) satisﬁes C(G,M, B, P ).
Proof. Assume (a) and let
ϕ˜(BS , P ) : Irr
(
k(M ∩ S)B∗S , P
)→ Irr((kS)BS , P)
be the given Stab(H∩T )(BS ) = Stab(H∩T )(B∗S )-equivariant bijection. Let
ϕ(B, P ) : Irr(k(H ∩ M)B∗, P)→ Irr((kM)B, P)
be deﬁned by:
if W ∈ Irr(k(H ∩ M)B∗, P ), then
ϕ(B, P )(W ) ∼= IndMS
(
ϕ˜(BS , P )
(
e∗ Res(H∩M)(H∩S) (W )
))
.
Since
ϕ(B, P ) ◦ Ind(H∩M)
(H∩S) = IndS M ◦ ϕ˜(BS , P ),ϕ(B, P )
is StabH (B) = StabH (B∗)-equivariant by Lemma 2.7.
Let L ∈ B(kG) cover B , let Q  H and let W ∈ Irr(k(H ∩ M)B∗, P ) as in (b). Let X ∈
Irr((kH)L∗,W , Q ), and set X = e∗ ResHH∩T (X) ∈ Irr(k(H ∩ T )L∗T ) so that IndHH∩T (X ) ∼= X in (kH)-mod.
Thus we may assume that Q  (H ∩ T ). Also let
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(
k(H ∩ S)B∗S , P
)
so that IndH∩MH∩S (W) ∼= W in k(H ∩ M)B∗-mod. Clearly
W
∣∣ Res(H∩M)(H∩S) (W ) in k(H ∩ S)-mod
and
X ∈ Irr(k(H ∩ T )L∗T ,W, Q
)
by Lemma 2.1. Since LT covers BS by Lemma 2.3,
Φ(LT ,W, Q )(X ) ∈ Irr
(
(kT )LT , ϕ˜(BS , P )(W), Q
)
.
Hence IndGT (Φ(LT ,W, Q )(X )) ∈ Irr((kG)L,ϕ(B, P )(W ), Q ). This deﬁnes a bijection
Φ(L,W , Q ) : Irr((kH)L∗,W , Q )→ Irr((kG)L, P (B, P )(W ), Q )
and (b) holds.
Conversely assume (b). Then the StabH (B) = StabH (B∗)-bijection
ϕ(B, P ) : Irr(k(H ∩ M)B∗, P)→ Irr((kM)B, P)
is given. Let
ϕ˜(BS , P ) : Irr
(
k(H ∩ S)B∗S , P
)→ Irr((kS)BS , P)
be deﬁned such that if W ∈ Irr(k(H ∩ S)B∗S , P ), then
ϕ˜(BS , P )(W) ∼= e ResMS
(
ϕ(B, P )
(
IndH∩MH∩S (W)
))
in kS-mod. Clearly
IndMS
(
ϕ˜(B, P )(W))∼= ϕ(B, P ) Ind(H∩M)(H∩S) (W).
This deﬁnes a bijection
ϕ(BS , P ) : Irr
(
k(H ∩ S)B∗S , P
)→ Irr((kS)BS , P)
such that
IndNS ◦ ϕ˜(BS , P ) = ϕ(B, P ) ◦ IndH∩MH∩S
which, by Lemma 2.7, is Stab(H∩T )(BS ) = Stab(H∩T )(B∗S )-equivariant.
Let
W ∈ Irr(k(H ∩ S)B∗S , P
)
,
Q  H ∩ T
M.E. Harris / Journal of Algebra 368 (2012) 376–394 385and
X ∈ Irr(k(H ∩ T )L∗T ,W, Q
)
.
Here
W = Ind(H∩M)(H∩S) (W) ∈ Irr
(
k(H ∩ M)B∗, P),
ϕ(B, P )(W ) ∈ Irr((kM)B, P)
and
X = IndHH∩T (X ) ∈ Irr
(
(kH)L∗,W , Q )
by Lemma 2.1. Thus Φ(L,W , Q )(X) ∈ Irr((kG)L,ϕ(B, P )(W ), Q ), and so
Φ(LT ,W, Q )(X ) = e ResGT
(
Φ(L,W , Q )(X)) ∈ Irr((kT )LT , Q )
by Lemma 2.1. Note that
IndGT
(
Φ(LT ,W, Q )(X )
)∼= Φ(L,W , Q )(X)
in kG-mod and
ϕ(B, P )(W ) = ϕ(B, P )(Ind(H∩M)
(H∩S) (W)
)
∼= IndMS
(
ϕ˜(BS , P )(W)
)
in kM-mod. As
ϕ(B, P )(W )
∣∣ ResGM
(
Φ(L,W , Q )(X))
in kM-mod, Lemma 2.1 implies that
ϕ˜(BS , P )(W)
∣∣ ResTS
(
Φ(LT ,W, Q )(X )
)
in kS-mod. Thus
Φ(LT ,W, Q )(X ) ∈ Irr
(
(kT )LT ,ϕ(BS , P )(W), Q
)
and we have deﬁned a bijection
Φ(LT ,W, Q ) : Irr
(
k(H ∩ T )L∗T ,W, Q
)→ Irr((kT )LT ,ϕ(BS , P )(W), Q ).
This concludes our proof of Proposition 2.8. 
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In this section, we assume that M  G , B ∈ B(kM)G , P is a defect group of B , H = NG(P ) and
B∗ = BrP (B) ∈ B(k(H ∩ M)) has P as its defect group. Since B is G-stable, G = HM . We also assume
that 1 	=Q O p(M) is such that Q G .
Set G = G/Q and let − : G → G denote the canonic group epimorphism. Here − : M → M  G ,
Q P , NG(P ) = H and NM(P ) = (H ∩ M).
Also − : G → G induces a k-algebra epimorphism π : kG → kG with
Ker(π) =
∑
g∈G
q∈Q
k
(
g(q − 1))
and, by restriction, − induces a k-algebra epimorphism
π : k(H ∩ M) → k((H ∩ M))
with
∑
x∈(H∩M)
q∈Q
k(x(q − 1)) as its kernel.
We shall need the following easy to prove result.
Lemma 3.1. Let V be a kM-module so that π V is a kM-module and let X be a kG-module so that π X is a
kG-module. Then V | ResGM(X) in KM-mod if and only if π V | ResGM(π X) in kM-mod.
From [4, Lemma 2.6] we conclude that BrP (π(B))=π(B∗). Let C(B) = {β ∈ B(kM) | B contains β};
thus π(B) =∑β∈C(B) β . Here [1, IV, Lemma 4.6] and [1, V, Lemma 4.2] imply that P contains a defect
group of each β ∈ C(B) and that Irr((kM)β, P ) 	= ∅ if and only if P is a defect group of β for each
β ∈ C(B). Set C(B, P ) = {β ∈ C(B) | P is a defect group of β}. Thus:
BrP (β) ∈ B
(
k(H ∩ M)) for each β ∈ C(B, P ),
BrP
(
π(B)
)= π(B∗)= ∑
β∈C(B,P )
BrP (β) (3.1)
and
Irr
(
(kM)π(B), P
)= ⋃
β∈C(B,P )
Irr
(
(kM)β, P
)
and (3.2)
Irr
(
k(H ∩ M)π(B∗), P)= ⋃
β∈C(B,P )
Irr
(
k
(
(H ∩ M))BrP (β), P
)
(3.3)
are disjoint unions.
Clearly π induces H-equivariant bijections:
I(π)(M) : Irr((kM)π(B), P)→ Irr((kM)B, P); (3.4)
and
I(π)
(
(H ∩ M)) : Irr(k((H ∩ M))π(B∗), P)→ Irr(k(H ∩ M)B∗, P), (3.5)
such that X → π X for each X in the appropriate domain.
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H = StabH (B) = StabH
(
B∗
)
,
H = NG(P )
permutes C(B, P ), Irr((kM)π(B), P ) and Irr(k((H ∩ M))π(B∗), P ). Also
BrP : C(B, P ) →
{
BrP (β)
∣∣ β ∈ C(B, P )}
is an H-equivariant bijection.
Proposition 3.2. Assume that (G,M, β, P ) satisﬁes C(G,M, β, P ) for each β ∈ C(B, P ). Then (G,M, B, P )
satisﬁes C(G,M, B, P ).
Proof. Let O be an orbit of H on C(B, P ); choose βO ∈ O and let TO be a left transversal of
StabH (βO) in H with 1 ∈ TO . Thus H =
⋃
t∈TO t StabH (βO) is disjoint. Set BO =
∑
t∈TO (
tβO).
For each t ∈ TO , tBrP (βO) = BrP (tβO) and the functors:
cMt : (kM)βO-mod → (kM)
(tβO)-mod (3.6)
and
c(H∩M)t : k(H ∩ M)BrP (βO)-mod → k(H ∩ M)BrP
(tβO)-mod,
such that X → t X for any X in the appropriate domain, are category isomorphisms.
By assumption, there is a StabH (βO)-bijection
ϕ(βO, P ) : Irr
(
(H ∩ M)BrP (βO), P
)→ Irr((kM)βO, P).
For each 1 	= t ∈ TO , deﬁne a bijection:
ϕ
(t(βO), P) : Irr(k(H ∩ M)BrP
(tβO), P)→ Irr((kM)t(βO), P)
such that V → tϕ(βO, P )(t−1 V ) for any V ∈ Irr(k(H ∩ M)BrP (tβO), P ). Thus we have deﬁned a bijec-
tion
ϕ(O, P ) : Irr(k(H ∩ M)BrP (BO), P
)
=
⋃
t∈TO
Irr
(
k(H ∩ M)BrP
(tβO), P)→ Irr((kM)BO, P)
=
⋃
t∈TO
Irr
(
(kM)
(tβO), P).
We claim that ϕ(O, P ) is H-equivariant. Indeed, let t ∈ TO and h ∈ H . Then ht = τ x for unique
τ ∈ TO and x ∈ StabH (βO). Also let
U ∈ Irr(k(H ∩ M)BrP (βO), P
)
.
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hϕ(O, P )(tU ) = (ht)ϕ(βO, P )(U )
= (τ x)ϕ(βO, P )(U )
= τ ϕ(βO, P )(xU )
and
ϕ(O, P )((ht)U ) = ϕ(O, P )((τ x)U )
= τ ϕ(βO, P )(xU ).
Our claim is proved.
Applying the same procedure to each orbit of H on C(B, P ), we obtain an H-equivariant bijection:
ϕ
(
π(B), P
) : Irr(k(H ∩ M)π(B∗), P)→ Irr((kM)π(B), P).
This yields an H-equivariant bijection:
ϕ(B, P ) : Irr(k(H ∩ M)B∗, P)→ Irr((kM)B, P)
such that if V ∈ Irr(k(H ∩M)B∗, P ) and V ∈ Irr(k(H ∩ M)π(B∗), P ) is such that π V ∼= V , in k(H ∩M)-
mod, then
ϕ(B, P )(V ) ∼= πϕ
(
π(B), P
)
(V )
in kM-mod.
Let Q  H be such that Q ∩ M = Q ∩ (H ∩ M) = P and let V ∈ Irr(k(H ∩ M)B∗, P ) and let V ∈
Irr(k(H ∩ M)π(B∗), P ) be as above. Here
Irr
(
(kH)B∗, V , Q
)= Irr((kH)B∗, hV , Q )
and
Irr
(
(kH)π
(
B∗
)
, V , Q
)= Irr((kH)π(B∗), h¯ V , Q )
for all h ∈ H and:
I(π) : Irr((kH)π(B∗), V , Q )→ Irr((kH)B∗, V , Q ) (3.7)
such that X → π X for all X ∈ Irr((kH)π(B∗), V , Q ) is an H-equivariant bijection.
Clearly we may assume that BrP (βO)V = V for a unique orbit O of H on C(B, P ).
Assume that L ∈ B(kG) covers B and set L∗ = BrP (L) ∈ B(kH) covers B∗ , by [6, Theorem].
Thus LB = L, L∗B∗ = L∗ , π(L)π(B) = π(L), BrP (π(B)) = π(B∗) and BrP (π(L)) = π(L∗). Conse-
quently π(L∗)π(B∗) = π(L∗). Let C(L) = {L ∈ B(kG) | L contains L} so that π(L) =∑L∈C(L)L
and π(L∗) =∑L∈C(L) BrP (L).
Let X ∈ Irr((kH)L∗, V , Q ) and let X ∈ Irr((kH)π(L), V , Q ) be such that π X ∼= X in (kH)-mod.
Here P is a vertex of V and there is a unique L ∈ C(L) such that BrP (L)X = X . Here V | Res H(H∩M) (X)
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BrP (βO) by [6, Theorem]. By assumption Φ(L, V , Q )(X) ∈ Irr((kG)L, ϕ(βO, P )(V ), Q ). Set
Φ(L, V ,ϕ)(X) = π
(
Φ(L, V , Q )(X)) ∈ Irr((kG)L,ϕ(B, P )(V ), Q )
since πϕ(βO, P )(V ) = ϕ(B, P )(V ). This deﬁnes an injection
Φ(L, V , Q ) : Irr((kH)B∗, V , Q )→ Irr((kG)L,ϕ(B, P )(V ), Q ).
Next let
W ∈ Irr((kG)L,ϕ(B, P )(V ), Q )
where
V ∈ Irr(k(H ∩ M)B∗, P).
Let V ∈ Irr(k(H ∩ M)π(B∗), P ) be such that π V ∼= V in k(H ∩ M)-mod. There is a unique orbit O of
H on C(B, P ) and a unique β ∈O such that BrP (β)V = V . Consequently we may assume that
BrP (βO)V = V .
Thus
π
(
ϕ
(
π(B), P
)
(V )
)∼= ϕ(B, P )(V )
in (kM)-mod and
βO
(
ϕ
(
π(B), P
)
(V )
)= ϕ(π(B), P)(V ).
Let
W ∈ Irr((kG)π(L),ϕ(π(B), P)(V ), Q )
be such that πW ∼= W in kG-mod. Let L be the unique element of C(L) such that LW = W . Thus
βOL 	= 0 and hence L covers βO . Consequently there is a unique W ∈ Irr((kH)BrP (L), V , Q ) such
that Φ(L, V , Q )(W) = W . Thus Φ(L, V , Q )(πW) ∼= W in kG-mod,
Φ(L, V , Q ) : Irr((kH)L∗, V , Q )→ Irr((kG)L,ϕ(B, P )(V ), Q )
is bijective and our proof of Proposition 3.2 is complete. 
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Assume the hypotheses of Theorem 1.6 and proceed by induction on |M|p . Then, by Proposition 2.8,
we may assume that B ∈ B(kM)G . Also, by Proposition 3.2, we may assume that O p(M) = 1. Thus
1 	= N = O p′(M)  G and O p′,p(M) > N = O p′(M). Utilizing Proposition 2.8, we may assume that
B ∈ B(kM)G covers e ∈ B(kN)G . Thus 1 	= R = O p′,p(M) ∩ P ∈ Sylp′,p(M), R is a defect group of
e ∈ B(kO p′,p(M)) and O p′,p(M) = RN . Set K = NG(R) so that NG(P ) K , G = K (RN) = KN = HM
and 1 	= O p(M/N) = (RN)/N .
Set S = (kN)e so that S ∼= Mr(k) as k-algebras for some positive integer r. Let W be an irreducible
S-module so that S = Endk(W ). Also let X : N → S× be the G-group homomorphism such that n → ne
for all n ∈ N .
As usual L ∈ B((kG)e) covers B ∈ B((kM)e) and D is a defect group of L such that D ∩ M = P .
Thus NG(D) NG(P ) K = NG(R) and NM(P ) = H ∩ M = H ∩ (K ∩ M) = N(K∩M)(P ).
It is clear from [3, Section 4] or [5, Section 3] that it suﬃces to assume:
O p(M) = 1, O p′(M) = Z × N (4.1)
where Z is a cyclic p′-subgroup of Z(G), N  G , e ∈ B(kN)G is covered by B ∈ B(kM)G , O p′,p(M) =
Z × (RN) > O p′ (M) where RN  G . Also P ∩ O p′,p(M) = R ∈ Sylp(O p′,p(M)) and e ∈ B(k(RN)) with
Sylp(RN) as its defect groups. With S = (kN)e, the G-group homomorphism X : N → S× such that
n → ne for all n ∈ N extends to a group homomorphism X˜ : G → S× .
Here K = NG(R) so that H = NG(P ) K , NK (P ) = NG(P ), G = KN , K ∩ O p′,p(M) = Z × CN (R) ×
R  K , K ∩ N = CN (R) K and K ∩ (RN) = CN (R) × R  K . Here BrR : SR → (kCN (R))BrP (e) is a
k-algebra epimorphism and eR = BrR(e) ∈ B(kCN (R))K since R is a defect group of e ∈ B(k(RN))
and NRN (R) = CN (R) × R . Here kCN (R)eR ∼= Ms(k) as k-algebras for some positive integer s. Set T =
(kCN (R))eR .
The inclusion map of K → KN = G induces a group isomorphism
ξ : K/CN (R) → G/N
which induces a k-algebra isomorphism
ξ : k(K/CN (R))→ k(G/N).
Clearly ξ−1 : G/N → K/CN (R) is such that ξ−1(gN) = (gN) ∩ K for all g ∈ G .
Let f ∈ B(kZ) be covered by B ∈ B(kM). Thus B covers
f e ∈ B(kO p′,p(M))G
and
f e ∈ B(kO p′(M)).
Here W is an irreducible S-module and let W be an irreducible T -module. Thus S = Endk(W ),
W is an S-mod-k bimodule, T = Endk(W) and W is a T -mod-k bimodule. Then, as in [5, Section 3],
the group homomorphism Y : CN (R)× R → T× such that xr → xeR for all x ∈ CN (R) and r ∈ R extends
to a group homomorphism Y˜ : K → T× . Thus the well-deﬁned k-linear maps:
σG : (kG)e → S ⊗k k(G/N) (4.2)
such that geR → X˜(g) ⊗k (gN) for all g ∈ G; and
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(
K/CN(R)
)
(4.3)
such that ueR → Y˜ (u) ⊗k (uCN (R)) for all u ∈ K are interior k-algebra isomorphisms.
As is well known, the functor:
FG : k(G/N)-mod → (kG)e-mod, (4.4)
such that U → σG (W ⊗k U ) for all k(G/N)-modules U is part of a Morita equivalence. Here the FG
induced map
FG : B
(
k(G/N)
)→ B((kG)e)
is such that if β ∈ B(k(G/N)) and N  L  G is such that L/N is a defect group of β , then
σG(FG(β)) = e ⊗k β and the Sylow p-subgroups of L are defect groups of FG(β). Also if U is an
indecomposable k(G/N)-module and N  L  G is such that L/N is a vertex of U , then the Sylow
p-subgroups of L are vertices of FG(U ). Also if Q is a vertex of the indecomposable (kG)e-module
FG(U ), then (Q N)/N is a vertex of U .
Clearly
σM = ResGM(σG) : (kM)e → S ⊗k k(M/N)
and
σ(K∩N) = ResK(K∩M)(σK ) : k(K ∩ M)eR → T ⊗k k
(
(K ∩ M)/CN(R)
)
e
are interior k-algebra isomorphisms.
Similar observations hold for the functors:
FM : k(M/N)-mod → (kM)e-mod (4.5)
such that U → σM (W ⊗k U ) for all k(M/N)-modules U ;
GK : k
(
K/CN (R)
)
-mod → (kK )eR-mod (4.6)
such that U → σK (W ⊗k U ) for all k(K/CN (R))-modules U ; and
G(K∩M) : k
(
(K ∩ M)/CN (R)
)
-mod → k(K ∩ M)eR-mod (4.7)
such that U → σ(K∩M) (W ⊗k U ) for all k((K ∩ M)/CN (R))-modules U .
Let U be a k(G/N)-module and let V be a k(M/N)-module. Clearly:
ResGM
(FG(U ))∼= σM (W ⊗k ResG/NM/N (U )
)
in kM-mod. (4.8)
Consequently
V
∣∣ ResG/NM/N (U ) in k(M/N)-mod (4.9)
if and only if
FM(V )
∣∣ ResGM
(FG(U )) in kM-mod.
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Let L(G/N) ∈ B(k(G/N)) be such thatFG(L(G/M))=L and let B(M/N) be such that FM(B(M/N))= B .
Thus since L covers B; σG(L) = e ⊗k L(G/N) , σM(B) = e ⊗ B(M/N) and L(G/N) covers B(M/N) .
As above, D is a defect group of L such that D ∩ M = P .
The k-algebra isomorphism ξ : k(K/CN (R)) → k(G/N) induces a categorical isomorphism of
k(G/N)-mod with k(K/CN (R))-mod in the obvious way: U →ξ U for all k(G/N)-modules U . Simi-
larly ξ induces a categorical isomorphism between k(M/N)-mod and k((K ∩ M)/CN (R))-mod.
Set
β(K/CN (R)) = ξ−1(L(G/N)) ∈ B
(
k
(
K/CN (R)
))
and
β((K∩M)/CN (R)) = ξ−1(B(M/N)) ∈ B
(
k
(
(K ∩ M)/CN(R)
))
.
Thus
β(K/CN (R)) covers β((K∩M)/CN (R)). (4.10)
Since P  D  K ,
ξ
((
DCN(R)
)
/CN(R)
)= (DN)/N
and
ξ
(
PCN(R)
)= (PN)/N,
[5, Theorem 3.3(n)(ii)] implies:
(
DCN(R)
)
/CN(R) is a defect group of β(K/CN (R)) and(
PCN(R)
)
/CN(R) is a defect group of β((K∩M)/CN (R)). (4.11)
Since B is G-stable:
β(M/N) is G/N-stable and β((K∩M)/CN (R)) is K/CN (R)-stable. (4.12)
Let x ∈ G and let U be a k(M/N)-module. Thus
xFM(U ) = x
(
σM(W ⊗k U )
)
where if m ∈ M , w ∈ W and u ∈ U , then
(
x−1mx
)(
σM (w ⊗k u)
)= X˜(x−1mx)w ⊗k ((x−1mx)N)u.
Since xW ∼= W in kG-mod, we conclude:
If U is a k(M/N)-module and x ∈ G,
then xFM(U ) ∼=FM((xN)U ) in (kM)e-mod. (4.13)
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If U is a k
(
(K ∩ M)/CN(R)
)
-module and x ∈ K ,
then xG(K∩M)(U ) ∼= G(K∩M)(xCN (R)U ) in k(K ∩ M)eR-mod. (4.14)
As in [5, Theorem 3.5], utilizing the ξ -induced category isomorphism
ξ : k(G/N)-mod → k(K/CN(R))-mod,
we obtain two functors that are parts of Morita equivalences:
HG : (kK )eR-mod → (kG)e-mod (4.15)
such that if XK is a (kK )eR -module and U is a k(G/N)-module such that GK (ξU ) ∼= XK in (kK )eR -
mod, then HG(XK ) ∼=FG(U ) in (kG)e-mod, and
HM : k(K ∩ M)eR-mod → (kM)e-mod (4.16)
with corresponding deﬁnition and corresponding properties.
Let B(K∩M) ∈ B(k(H ∩M)eR) be such that HM(B(K∩M)) = B and let LK ∈ B((kK )eR) be such that
HG(LK ) =L.
Proposition 4.1.
(a) P is a defect group of B(K∩M) , D is a defect group of LK and LK covers B(K∩M);
(b) HM induces an NK (P )-equivariant bijection
HM : Irr
(
k(K ∩ M)B(K∩M), P
)→ Irr((kM)B, P);
and
(c) If V ∈ Irr(k(K ∩ M)B(K∩M), P ) and Q  D, then HG induces a bijection:
HG : Irr
(
(kK )LK , V , Q
)→ Irr((kG)L, HM(V ), Q ).
Proof. Here (a) follows from (4.11), (4.12) and [5, Theorem 3.3(k) and Theorem 3.5(g)]. Also (b) fol-
lows from (4.16) and [5, Theorem 3.5(h)] and (c) follows from (4.15) and (4.9).
Note that H = NG(P ) K and [5, Proposition 3.8] implies that BrR(B) = BrR(B(K∩M)) and BrR(L) =
BrR(LK ). Thus [10, Lemma 7.10] implies that
BrP
(
BrR(B)
)= BrP (B) = B∗ = BrP (B(K∩M))
and
BrP
(
BR(L)
)= BrP (L) = L∗ = BrP (LK ).
Since R  O p(K ∩ M) and |(K ∩ M)|p  |M|p , Proposition 3.2 and our induction hypotheses yield:
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ϕ(B, P ) : Irr(k(H ∩ M)B∗, P)→ Irr(k(K ∩ M)B(K∩M), P);
and
(b) if V ∈ Irr(k(H ∩ M)B∗, P ) and Q  H is such that Q ∩ M = Q ∩ (H ∩ M) = P , then there is a
bijection
Φ˜(LK , V , Q ) : Irr
(
(kH)L∗, V , Q )→ Irr((kK )LK , ϕ˜(B, P )(V ), Q ).
Thus Proposition 4.1 implies:
HM ◦ ϕ˜(B, P ) : Irr
(
k(H ∩ M)B∗, P)→ Irr((kM)B, P) is an H-equivariant bijection; (4.17)
and
If V ∈ Irr(k(H ∩ M)B∗, P) and Q  D,
then HG ◦ Φ˜(LK , V , Q ) : Irr
(
(kH)L∗, V , Q )→ Irr((kG)L, HM ◦ ϕ˜(B, P )(V ), Q ) (4.18)
is a bijection.
The proof of Theorem 1.6 is now complete. 
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